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Shared variables described by a graph

Nodes i: variables xi and function fi

Edge (i, j): fi and fj share variables

Optimization program

minimize
{xi}

∑

i

fi ({xj : j ∈ N (i)})
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Key question: how does solution change as the graph evolves?



Example: Localization and Pose Estimation

Estimate poses: xi = (position, orientation) at time i
from relative measurements
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edge-vertex definition of the incidence matrix in which rows
correspond to edges and columns to nodes. While the usual
definition of incidence matrix is the transpose of the one used
in this paper, our definition will make notation simpler later on.

C. The Set αSO(2)

The set αSO(2) is defined as

αSO(2)
.
= {αR : α ∈ R, R ∈ SO(2)}

where SO(2) is the set of 2-D rotation matrices. Recall that
SO(2) can be parameterized by an angle θ ∈ (−π,+π] and any
matrix R ∈ SO(2) is in the form

R = R(θ) =

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
. (1)

Clearly, SO(2) ⊂ αSO(2). The set αSO(2) is closed under stan-
dard matrix multiplication, i.e., for any Z1 ,Z2 ∈ αSO(2), also
the product Z1Z2 ∈ αSO(2). In full analogy with SO(2), it is
trivial to show that the multiplication is commutative, i.e., for
any Z1 ,Z2 ∈ αSO(2), it holds that Z1Z2 = Z2Z1 . Moreover,
for Z = αR with R ∈ SO(2), it holds that Z$Z = |α|2I2 .
The set αSO(2) is also closed under matrix addition: For
R1 ,R2 ∈ SO(2), we have that

α1R1 + α2R2 = α1

[
c1 −s1

s1 c1

]
+ α2

[
c2 −s2

s2 c2

]

=

[
α1c1 + α2c2 − (α1s1 + α2s2)
α1s1 + α2s2 α1c1 + α2c2

]

=

[
a −b
b a

]
= α3R3 (2)

where we used the shorthands ci and si for cos(θi) and sin(θi),
and we defined a

.
= α1c1 + α2c2 and b

.
= α1s1 + α2s2 . In (2),

the scalar α3
.
= ±

√
a2 + b2 (if nonzero) normalizes

[
a −b
b a

]
,

such that R3
.
=

[
a/α3 −b/α3

b/α3 a/α3

]
is a rotation matrix; if α3 =

0, then α1R1 + α2R2 = 02×2 , which also falls in our definition
of αSO(2). From this reasoning, it is clear that an alternative
definition of αSO(2) is

αSO(2)
.
=

{[
a −b
b a

]
: a, b ∈ R

}
. (3)

The set αSO(2) is tightly coupled with the set of complex
numbers C . Indeed, a matrix in the form (3) is also known as
a matrix representation of a complex number [64]. We explore
the implications of this fact for PGO in Section III-C.

III. POSE GRAPH OPTIMIZATION IN THE COMPLEX DOMAIN

Sections III-A and III-B formulate the PGO problem.
Section III-C frames the problem in the complex domain. Sec-
tion III-D discusses properties of the matrices involved in the
real and complex formulations.

Fig. 2. Schematic representation of PGO: The objective is to associate a
pose xi to each node of a directed graph, given relative pose measurements
(∆ ij , Rij ) for each edge (i, j) in the graph.

A. Pose Graph Optimization

PGO estimates n poses from m relative pose measurements.
We focus on the planar case, in which the ith pose xi is described
by the pair xi

.
= (pi ,Ri), where pi ∈R2 is a position in the

plane and Ri ∈SO(2). The pose measurement between two
nodes, say i and j, is described by the pair (∆ij,Rij), where
∆ij ∈R2 and Rij ∈SO(2) are the relative position and rotation
measurements, respectively.

The problem can be visualized as a directed graph G(V, E),
in which an unknown pose is attached to each node in the vertex
set V and each edge (i, j) ∈ E corresponds to a relative pose
measurement between nodes i and j (Fig. 2).

In a noiseless case, the measurements satisfy

∆ij = R$
i

(
pj − pi

)
, Rij = R$

i Rj (4)

and we can compute the unknown rotations {R1 , . . . ,Rn} and
positions {p1 , . . . ,pn} by solving a set of linear equations [re-
lations (4) become linear after rearranging the rotation Ri to
the left-hand side]. In the absence of noise, the problem admits
a unique solution as long as one fixes the pose of a node (say,
p1 = 02 and R1 = I2) and the underling graph is connected.

In this paper, we focus on connected graphs, as these are the
ones of practical interest in PGO (a graph with k connected
components can be split in k subproblems, which can be solved
and analyzed independently).

Assumption 1 (Connected pose graph): The graph G, under-
lying PGO, is (weakly) connected.

In presence of noise, the relations (4) become:

∆ij = R$
i

(
pj − pi

)
+ ε∆

ij , Rij = R$
i RjR(εR

ij ) (5)

where ε∆
ij and εR

ij denote random measurement noise and R(εR
ij )

is a 2-D rotation matrix of an angle εR
ij . In this paper, we take

the following assumption about the measurement noise.
Assumption 2 (Measurement noise): The translation mea-

surement noise ε∆ is distributed according to a zero-mean
normal distribution with covariance 1/ω∆

ij · I2 . The rotation
measurement noise εR

ij is distributed according to a zero-mean
Von Mises distribution with concentration parameter ωR

ij .
The parameters ω∆

ij and ωR
ij can be understood as a mea-

sure of information content of the measurements. In particular,
for ωR

ij → 0, the distribution of the rotation noise tends to the
uniform distribution over [0, 2π), while for ωR

ij → ∞, εR
ij = 0

with probability 1. Our assumption about the rotation noise is

(Carlone et al, ’16)

Naturally posed as a nonconvex least-squares problem on a dynamic graph
Semidefinite relaxation is a convex problem on a dynamic graph



Example: AC optimal power flow

Solve for power production that minimizes generation cost while obeying physical
constraints

Naturally posed as a nonconvex problem on a graph
Also has a semidefinite relaxation



Streaming optimization (chain graph)

One important special case:

minimize
x0,...,xT

T∑

t=1

ft(xt−1,xt)

ft(·)
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Streaming solution: at time T ,

1 observe fT ; initialize x̂T |T

2 update solutions x̂t|T , t ≤ T
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Streaming solution: at time T ,

1 observe fT ; initialize x̂T |T

2 update solutions x̂t|T , t ≤ T

Key questions:

1 does x̂t|T converge as T → ∞?

2 if so, how quickly?



Streaming optimization (chain graph)

Streaming least-squares:

minimize
{xt}

T∑

t=1

∥Atxt +Btxt−1 − yt∥22

ft(·)
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Classical: The Kalman filter

Linear dynamical system for state evolution and measurement:

xt = F txt−1 + dt

yt = Φtxt + et

Observe {yt}Tt=1, estimate {xt}Tt=1 ...

minimize
{xt}

T∑

t=1

∥Φtxt − yt∥22 + λt∥xt − F t−1xt−1∥22
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Streaming recon. from non-uniform samples

{ψt,n(τ)}

−0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

1.5

Sample batch t at locations τ1, . . . , τM
One batch overlaps frame bundles t− 1 and t

Single sample at τm

s(τm) =
∑

n

xt−1,n ψt−1,n(τm) +
∑

n

xt,nψt,n(τm)

Collecting all samples into vector yt, we can write

yt =
[
Bt At

] [xt−1

xt

]



Structured linear system

After collecting batches t = 0, 1, . . . , T , we have the (possibly large) system

ΦTx =




A0 0 · · · 0
B1 A1 0 · · · 0
0 B2 A2 0 · · · 0
0 0 B3 A3 0 · · · 0
0 0 0 B4 A4 · · · 0
...

. . .
. . .

...
0 · · · · · · BT AT







x0

x1

x2

x3

x4
...
xT




≈




y0

y1

y2

y3

y4
...
yT




.



Tri-diagonal structure

At every time T , the least-squares system is block tri-diagonal,

ΦT
TΦTx =




D0 ET
0 0 · · · 0

E0 D1 ET
1 0 · · · 0

0 E1 D2 ET
2 0 · · · 0

0 0 E2 D3 ET
3 · · · 0

...
. . .

. . .
. . .

...

0 · · · ET−2 DT−1 ET
T−1

0 · · · 0 ET−1 DT







x0

x1

x2
...
...

xT−1

xT




=




g0

g1

g2
...
...

gT−1

gT






Factorization: Forward sweep

There is an easy LU factorization,
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where the Qt and U t can be computed recursively
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x0

x1

x2
...

xT



=




g0

g1

g2
...

gT




where the Qt and U t can be computed recursively

for t = 1, 2, . . . , T − 1
U t−1 = Q−1

t−1E
T
t−1

Qt = Dt −Et−1Q
−1
t−1E

T
t−1

vt = Q−1
t (gt −Et−1vt−1)

end



Solution update: Backward sweep

With estimates after T frames in hand

{
x̂0|T , x̂1|T , . . . , x̂T |T

}
= arg min

{xt}

T∑

t=1

∥Atxt +Btxt−1 − yt∥2

we introduce a new loss function with (yT+1,AT+1,BT+1)

fT+1(xT ,xT+1) =
∥∥AT+1xT+1 −BT+1xT − yT+1

∥∥2

The solutions x̂T+1|T+1, x̂T |T+1, . . . , x̂0|T+1 can be computed with a backward sweep
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= arg min

{xt}

T∑

t=1

∥Atxt +Btxt−1 − yt∥2

we introduce a new loss function with (yT+1,AT+1,BT+1)

fT+1(xT ,xT+1) =
∥∥AT+1xT+1 −BT+1xT − yT+1

∥∥2

The solutions x̂T+1|T+1, x̂T |T+1, . . . , x̂0|T+1 can be computed with a backward sweep

vT+1 = Q−1
T+1(A

T
T+1yT+1 +BT

T+1yT+1 −ETvT )
x̂T+1|T+1 = vT+1

for t = T, T − 1, . . . , 0
x̂t|T+1 = vt −U tx̂t+1|T+1

end



Block diagonal dominance

ΦT
TΦT =




D0 ET
0 0 · · · 0

E0 D1 ET
1 0 · · · 0

0 E1 D2 ET
2 0 · · · 0

0 0 E2 D3 ET
3 · · · 0

...
. . .

. . .
. . .

...

0 · · · ET−2 DT−1 ET
T−1

0 · · · 0 ET−1 DT




The estimates will stabilize very quickly when

κ(1− δ) ≤ λmin(Dt) ≤ λmax(Dt) ≤ κ(1 + δ), ∥Et∥ ≤ κδ, for all t

are akin to a kind of block diagonal dominance



Convergence

{
x̂0|T , x̂1|T , . . . , x̂T |T

}
= arg min

{xt}

T∑

t=1

∥Atxt +Btxt−1 − yt∥2

Theorem: For block diagonally dominant Dt,Et, we have

limT→∞ x̂t|T =: x̂∗
t exists for all t, and

convergence is fast

∥x̂t|T − x̂∗
t ∥2 ≤ C

(
ϵ

1− ϵ

)T−t

, where ϵ ≈ δ.



Example: reconstruction from level crossings

log10

(∥x̂j|k−x̂∗
j∥2

∥x̂∗
j∥2

)

k = 4 k = 5 k = 6
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Figure 5: The original signal (blue) and the reconstructed signal (orange) at time steps k = 4, 5, 6. The
continuous-time signals are generated from the LOT coe�cients ↵̂j|k. We see that the streaming estimate
converges quickly to the true least-squares estimate, ...

Table 1: The entries in the chart below tabulate how close our estimate of ↵̂j|k is to the final least-squares
estimate ↵̂j⇤ in a typical reconstruction problem. The numbers below are log10(k↵̂j|k � ↵̂j⇤k2/k↵̂j⇤k2).
The convergence is extremely rapid; after just three frames, we have achieved seven digits of accuracy. This
means that terminating the loop in Algorithm ?? at k = 3 costs us almost nothing in terms of reconstruction
performance.

j = 4 j = 5 j = 6 j = 7 j = 8 j = 9 j = 10

k = 4 -0.31 — — — — — —
k = 5 -3.39 -0.32 — — — — —
k = 6 -5.12 -3.24 -0.32 — — — —
k = 7 -7.28 -5.08 -3.46 -0.27 — — —
k = 8 -9.27 -7.08 -5.60 -3.44 -0.34 — —
k = 9 -10.84 -8.65 -7.17 -5.19 -2.48 -0.22 —
k = 10 -13.27 -11.08 -9.60 -7.62 -4.90 -3.44 -0.36

17

DRAFT – November 6, 2015 – 13:35

3.5 4 4.5 5 5.5 6
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3.5 4 4.5 5 5.5 6
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3.5 4 4.5 5 5.5 6
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

Moral: You can just update 3 frames in the past and still be very accurate ...



Random samples

At
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Dt = AT
t At +BT

t+1Bt+1,

Et−1 = BT
t At

N = number of basis functions per frame bundle
M = number of samples per batch
For samples selected uniformly at random, we have with probability 1− ϵ

1− δ ≤ λmin(Dt) ≤ λmin(Dt) ≤ 1 + δ, ∥Et∥ ≤ δ, for fixed t

with

δ ≤ C

√
N

M
log(N/ϵ)

so we can take
M ≳ N log(N/ϵ).



Streaming optimization: convex case
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where ft are smooth and strongly convex
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Streaming optimization: convex case

We want to solve

minimize
x0,...,xT

T∑

t=1

ft(xt−1,xt) = JT (x)

where ft are smooth and strongly convex

Key piece of structure: gradient in frame t involves only ft and ft+1

∇JT (x) =




∇0f1(x0,x1)
∇1f1(x0,x1) +∇1f2(x1,x2)

...
∇T−1fT−1(xT−2,xT−1) +∇T−1fT (xT−1,xT )

∇T fT (xT−1,xT )






Streaming optimization: convex case

We want to solve

minimize
x0,...,xT

T∑

t=1

ft(xt−1,xt) = JT (x)

where ft are smooth and strongly convex

Key piece of structure: Hessian is block tri-diagonal

∇2JT (x) =




H0 ET
0 0 · · · 0

E0 H1 ET
1 0 · · · 0

0 E1 H2 ET
2 0 · · · 0

0 0 E2 H3 ET
3 · · · 0

...
. . .

. . .
. . .

...

0 · · · ET−2 HT−1 ET
T−1

0 · · · 0 ET−1 HT




,



Convergence: convex case

Let

{x̂0|T , . . . , x̂T |T } = arg min
{xt}

T∑

t=1

ft(xt−1,xt) = JT (x)

Theorem: If there are {wT } such that

∥∇fT (x̂T−1|T−1,wT )∥ ≤ Const for all T,

then

limT→∞ x̂t|T =: x̂∗
t exists for all t, and

convergence is fast

∥x̂t|T − x∗
t ∥ ≤ C

(
2L− µ

2L+ µ

)T−t

(L = smoothness parameter, µ = strong convexity parameter)
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then
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t exists for all t, and

convergence is fast

∥x̂t|T − x∗
t ∥ ≤ C

(
2L− µ

2L+ µ

)T−t

(L = smoothness parameter, µ = strong convexity parameter)



Convergence: convex case

Proof sketch: Start from

{x̂0|T , . . . , x̂T |T } = arg min
{xt}

T∑

t=1

ft(xt−1,xt) = JT (x)

Add fT+1, initialize

w
(0)
t =

{
x̂t|T , t ≤ T,

(something), t = T + 1

Use gradient descent to move to the new solution, trace the steps



Tracking the steps of gradient descent

Gradient descent:
w(k+1) = w(k) − α∇JT+1(w

(k))

(we know this converges linearly)
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w(k+1) = w(k) − α∇JT+1(w

(k))

(we know this converges linearly)

Notice that

∇JT+1(w
(0)) =




0
...
0
0
∗
∗






Tracking the steps of gradient descent

Gradient descent:
w(k+1) = w(k) − α∇JT+1(w

(k))

(we know this converges linearly)

Notice that

∇JT+1(w
(0)) =




0
...
0
0
∗
∗



, w(1) = w(0) − α∇JT+1(w

(0)) ⇒ ∇JT+1(w
(1)) =




0
...
0
∗
∗
∗






Tracking the steps of gradient descent

Gradient descent:
w(k+1) = w(k) − α∇JT+1(w

(k))

(we know this converges linearly)

Notice that

∇JT+1(w
(0)) =




0
...
0
0
∗
∗



, ∇JT+1(w

(1)) =




0
...
0
∗
∗
∗



, ∇JT+1(w

(2)) =




0
...
∗
∗
∗
∗



, · · ·

frame t is not touched until iteration k = T − t ...



Convergence: convex case

Let

{x̂0|T , . . . , x̂T |T } = arg min
{xt}

T∑

t=1

ft(xt−1,xt) = JT (x)

Theorem: If there are wT such that

∥∇fT (x̂T−1|T−1,wT )∥ ≤ Const for all T,

then

limT→∞ x̂t|T =: x̂∗
t exists for all t, and

convergence is fast

∥x̂t|T − x∗
t ∥ ≤ C

(
2L− µ

2L+ µ

)T−t



Convergence: convex case

Let

{x̂0|T , . . . , x̂T |T } = arg min
{xt}

T∑

t=1

ft(xt−1,xt) = JT (x)

Theorem: If there are wT such that

∥∇fT (x̂T−1|T−1,wT )∥ ≤ Const for all T, ??

then

limT→∞ x̂t|T =: x̂∗
t exists for all t, and

convergence is fast

∥x̂t|T − x∗
t ∥ ≤ C

(
2L− µ

2L+ µ

)T−t



Convergence: convex case

Theorem: If the local minimizers

(x̃t−1|t, x̃t|t) = arg min ft(xt−1,xt)

are bounded and the Hessian is diagonally dominant, then there are {wT } such that

∥∇fT (x̂T−1|T−1,wT )∥ ≤ Const for all T.



Example: Non-homogenous Poisson process

Given “spike” observations at τ1, . . . , τM , estimate the background intensity λ(t)

Maximum likelihood, discretized, divided into frames

minimize
{xt}

∑

t

f(xt−1,xt),

f(xt−1,xt) = ⟨xt,at⟩ − ⟨xt−1, bt⟩+
∑

m

log(⟨xt, cm,t⟩) + log(⟨xt−1,dm,t⟩)



Example: Non-homogenous Poisson process



Online Newton algorithm

{x̂0|T , . . . , x̂T |T } = arg min
{xt}

T∑
t=1

ft(xt−1,xt) ∇2
JT (x) =



H0 ET
0 0 · · · 0

E0 H1 ET
1 0 · · · 0

0 E1 H2 ET
2 0 · · · 0

0 0 E2 H3 ET
3 · · · 0

.

.

.
. . .

. . .
. . .

.

.

.

0 · · · ET−2 HT−1 ET
T−1

0 · · · 0 ET−1 HT


General approach: solve with Newton method

sk = −
(
∇2JT (xT )

)−1∇JT (xT )

xk+1 = xk + αksk

The Hessian ∇2JT (xT ) is again tri-diagonal ...
... so each Newton step looks like a forward-backward least-squares solve



Finite buffering

Theorem: If we only update B frames in the past, we have

∥x∗
t − x̃∗

t ∥ ≤ C

(
2L− µ

2L+ µ

)B

where x̃∗
t are the buffered solutions coming from

minimize
{xt,...,xt+B+1}

t+B∑

τ=t

ft(xτ ,xτ+1)



Dynamic graph topologies

Nodes i: variables xi and function fi

Edge (i, j): fi and fj share variables

Optimization program

minimize
{xi}

∑

i

fi ({xj : j ∈ N (i)})

1

3

2

4
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Dynamic graph topologies

minimize
{xi}

∑

i

fi ({xj : j ∈ N (i)}) =
∑

i

fi(x[i])

Key question: when we add the red node, do we have to update all other nodes?



Example: Pose graph optimization

Estimate poses: xi = (position, orientation) at time i
from relative measurements
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edge-vertex definition of the incidence matrix in which rows
correspond to edges and columns to nodes. While the usual
definition of incidence matrix is the transpose of the one used
in this paper, our definition will make notation simpler later on.

C. The Set αSO(2)

The set αSO(2) is defined as

αSO(2)
.
= {αR : α ∈ R, R ∈ SO(2)}

where SO(2) is the set of 2-D rotation matrices. Recall that
SO(2) can be parameterized by an angle θ ∈ (−π,+π] and any
matrix R ∈ SO(2) is in the form

R = R(θ) =

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
. (1)

Clearly, SO(2) ⊂ αSO(2). The set αSO(2) is closed under stan-
dard matrix multiplication, i.e., for any Z1 ,Z2 ∈ αSO(2), also
the product Z1Z2 ∈ αSO(2). In full analogy with SO(2), it is
trivial to show that the multiplication is commutative, i.e., for
any Z1 ,Z2 ∈ αSO(2), it holds that Z1Z2 = Z2Z1 . Moreover,
for Z = αR with R ∈ SO(2), it holds that Z$Z = |α|2I2 .
The set αSO(2) is also closed under matrix addition: For
R1 ,R2 ∈ SO(2), we have that

α1R1 + α2R2 = α1

[
c1 −s1

s1 c1

]
+ α2

[
c2 −s2

s2 c2

]

=

[
α1c1 + α2c2 − (α1s1 + α2s2)
α1s1 + α2s2 α1c1 + α2c2

]

=

[
a −b
b a

]
= α3R3 (2)

where we used the shorthands ci and si for cos(θi) and sin(θi),
and we defined a

.
= α1c1 + α2c2 and b

.
= α1s1 + α2s2 . In (2),

the scalar α3
.
= ±

√
a2 + b2 (if nonzero) normalizes

[
a −b
b a

]
,

such that R3
.
=

[
a/α3 −b/α3

b/α3 a/α3

]
is a rotation matrix; if α3 =

0, then α1R1 + α2R2 = 02×2 , which also falls in our definition
of αSO(2). From this reasoning, it is clear that an alternative
definition of αSO(2) is

αSO(2)
.
=

{[
a −b
b a

]
: a, b ∈ R

}
. (3)

The set αSO(2) is tightly coupled with the set of complex
numbers C . Indeed, a matrix in the form (3) is also known as
a matrix representation of a complex number [64]. We explore
the implications of this fact for PGO in Section III-C.

III. POSE GRAPH OPTIMIZATION IN THE COMPLEX DOMAIN

Sections III-A and III-B formulate the PGO problem.
Section III-C frames the problem in the complex domain. Sec-
tion III-D discusses properties of the matrices involved in the
real and complex formulations.

Fig. 2. Schematic representation of PGO: The objective is to associate a
pose xi to each node of a directed graph, given relative pose measurements
(∆ ij , Rij ) for each edge (i, j) in the graph.

A. Pose Graph Optimization

PGO estimates n poses from m relative pose measurements.
We focus on the planar case, in which the ith pose xi is described
by the pair xi

.
= (pi ,Ri), where pi ∈R2 is a position in the

plane and Ri ∈SO(2). The pose measurement between two
nodes, say i and j, is described by the pair (∆ij,Rij), where
∆ij ∈R2 and Rij ∈SO(2) are the relative position and rotation
measurements, respectively.

The problem can be visualized as a directed graph G(V, E),
in which an unknown pose is attached to each node in the vertex
set V and each edge (i, j) ∈ E corresponds to a relative pose
measurement between nodes i and j (Fig. 2).

In a noiseless case, the measurements satisfy

∆ij = R$
i

(
pj − pi

)
, Rij = R$

i Rj (4)

and we can compute the unknown rotations {R1 , . . . ,Rn} and
positions {p1 , . . . ,pn} by solving a set of linear equations [re-
lations (4) become linear after rearranging the rotation Ri to
the left-hand side]. In the absence of noise, the problem admits
a unique solution as long as one fixes the pose of a node (say,
p1 = 02 and R1 = I2) and the underling graph is connected.

In this paper, we focus on connected graphs, as these are the
ones of practical interest in PGO (a graph with k connected
components can be split in k subproblems, which can be solved
and analyzed independently).

Assumption 1 (Connected pose graph): The graph G, under-
lying PGO, is (weakly) connected.

In presence of noise, the relations (4) become:

∆ij = R$
i

(
pj − pi

)
+ ε∆

ij , Rij = R$
i RjR(εR

ij ) (5)

where ε∆
ij and εR

ij denote random measurement noise and R(εR
ij )

is a 2-D rotation matrix of an angle εR
ij . In this paper, we take

the following assumption about the measurement noise.
Assumption 2 (Measurement noise): The translation mea-

surement noise ε∆ is distributed according to a zero-mean
normal distribution with covariance 1/ω∆

ij · I2 . The rotation
measurement noise εR

ij is distributed according to a zero-mean
Von Mises distribution with concentration parameter ωR

ij .
The parameters ω∆

ij and ωR
ij can be understood as a mea-

sure of information content of the measurements. In particular,
for ωR

ij → 0, the distribution of the rotation noise tends to the
uniform distribution over [0, 2π), while for ωR

ij → ∞, εR
ij = 0

with probability 1. Our assumption about the rotation noise is

Carlone et al, ’16

Naturally posed as a nonconvex least-squares problem on a dynamic graph
Semidefinite relaxation is a convex problem on a dynamic graph



Dynamic graph topologies

minimize
{xi}

∑

i

fi ({xj : j ∈ N (i)}) =
∑

i

fi(x[i])

Key question: when we add a node, do we have to update all other nodes?

(data from Carlone et al ’16)



Dynamic graph topologies

minimize
{xi}

∑

i

fi ({xj : j ∈ N (i)}) =
∑

i

fi(x[i])

Key question: when we add a node, do we have to update all other nodes?



Collapsing the graph

Key idea: collapse the graph between two nodes

Figure 1 shows an example graph problem at time N = 8. The sets mentioned in the definition above are
replaced by their associated functions. In other words, edges exist between pairs of functions in the graph
if their respective sets intersect. In the constrained case, each node would additionally have an associated
constraint set.

f1

f2f3 f4

f5 f6f7

f8

Figure 1: An example graph problem at time N = 8.

Our main result depends on graphical distances involving functions and variables in a problem. We define
this notion of distance between functions below.

Definition 3 (Distance Between Functions and Variables). For a graph problem at time N , we define both
the distance between two functions d(fi, fj) and between two subvectors d(x[Si], x[Sj ]) as the length of the
shortest path between Si and Sj in the associated intersection graph.

Definition 4 (Intersection of Functions). We say that fi and fj intersect when the sets Si and Sj intersect.
In other words, fi \ fj 6= ? when Si \ Sj 6= ?.

2.b Lipschitz gradients of Graph Problems

This section shows that the sum of the functions in a graph problem has the Lipschitz gradient property. In
fact, this property does not depend on the connectedness of the graph. We first show that the Hessian of
independent sets of functions contain the individual functions’ Hessians as blocks (under some permutation).
Using this fact, we then show that the Hessian of a graph problem can be decomposed into a sum of such
matrices. This decomposition allows us to bound the sum’s maximum eigenvalue in terms of the individual
Lipschitz gradient parameters and the number of independent sets of functions in the graph. An application
of Brooks’ Theorem then allows us to relate the Lipschitz parameter to the maximum degree of the graph.

Lemma 1 (Block-Diagonal Hessian for Independent Functions). Consider a graph problem at time N . Let
F ⇢ {f1, . . . , fN} be an independent subset of its functions, in the sense that no edges exist between elements
of F in the problem’s graph. The Hessian restricted to this subset of functions is then similar to a block
diagonal matrix. That is, for some permutation matrix P and block diagonal matrix D, we have

HF = r2

0
@X

f2F

f

1
A

= PT DP.

Proof. Since none of the functions use the same entries of x, we reorder the entries of x so that adjacent
indices of x are used by a single function. In other words, we set the first |S1| entries to be the elements with

3

⇒

2.d Reducing Graph Problems to Path Problems

We show that any graph problem can be reformulated as an equivalent graph problem with an underlying
path graph. The next lemma states this result, and its proof explicitly constructs the equivalent problem.
This is used later to simply general graphs to path graphs, lending to simpler analysis of the problem.

Lemma 4 (S-Rooted Path Reduction). Consider a graph problem at time N and a subset S of its vertices.
There exists an equivalent graph problem at time K+1 (using functions f̃1, . . . , f̃K+1) such that its associated
graph forms a path. Furthermore, an endpoint of the path is the function

f̃1 =
X

k2S

fk.

Note that the vertices in the new problem’s intersection graph consist of unions of the original graph’s sets
S1, . . . , SN .

Proof. Define F0 = S, and for each i, let Fi contain the set of functions a distance i away from S and not
in Fj for any j < i. This results in a collection of K + 1 sets F0, . . . , FK . We then define for each i

f̃i =
X

f2Fi

f.

By construction, the graph forms a path. Since each of the new functions can be viewed as its own (possibly
disconnected) graph problem, Lemmas 2 and 3 imply that the functions of this path problem are strongly
convex with Lipschitz gradients as required.

The figure below shows the graph problem resulting from an f8-rooted path reduction on the example graph
problem in Figure 1. As discussed, the resulting graph is a path, where the k-th node on the path consists
of the functions a distance k away from f8 in the original graph.

f1 f2 + f4 f3 + f6 f5 + f7 f8

Figure 2: Graph problem resulting from path reduction on example from Figure 1.

3 Sequential Result on General Graphs

We bound the amount that a local solution can change when a new function is added to a graph problem,
and we show that the magnitude of this change depends exponentially on the graphical distance between
the added function and the local solution. We split the results for unconstrained and constrained problems,
as each requires a small set of additional assumptions on the problem.

3.a Unconstrained Case

We introduce the main assumption needed to prove the result for unconstrained problems below.

Assumption 1 (Bounded Gradient). Consider a graph problem at time N and an additional function
fN+1(x[N+1]). We partition the input to fN+1 as

x[N+1] =


xf

xs

�
,

where xs contains all entries in x[N+1] unique to fN+1 and xf contains the remaining entries. A graph
problem satisfies the bounded gradient assumption if there exists xs such that

krfN+1(x̂f , xs)k  Mg,

where x̂f denotes the appropriate components of the solution on f1, . . . , fN .

6

Theorem: Difference between solutions at node i before and after node N + 1 is added

∥x̂[i]|N − x̂[i]|N+1∥2 ≤ C

µ

(
L− µ

L+ µ

)d(i,N+1)

where d(i,N + 1) = distance between nodes i and N + 1,
L, µ are Lipschitz and strong convexity constants ...



Collapsing the graph

Theorem: Difference between solutions at node i before and after node N + 1 is added

∥x̂[i]|N − x̂[i]|N−1∥2 ≤ C

µ

(
L− µ

L+ µ

)d(i,N+1)

where d(i,N + 1) = distance between nodes i and N + 1,
L, µ are Lipschitz and strong convexity constants ...

The fi have Lipschitz gradient parameter Li, strong convexity parameter µi.
We can take

µ = min
i
µi,

L = K ·max
i
Li, K = chromatic number of graph



Example: multi-task learning

Solutions of multiple optimization programs are encouraged to be close:

minimize
{xi}

∑

i

fi(xi) + λ
∑

(j,k)∈E

wjk d(xj ,xk)

Examples:

d(xj ,xk) = ∥xj − xk∥22 (diffusion)

d(xj ,xk) = ∥xj − xk∥2 (network lasso)

...



Example: multi-task learning

House prices example (Hallac et al. ’15)



Example: multi-task learning

House prices example (Hallac et al. ’15)

What happens to the solution when the cluster on bottom is added?



Example: multi-task learning

House prices example (Hallac et al. ’15)

relative change: yellow = .01, orange = 0.001, blue = 10−9



Extension: Constraints

We can accommodate local constraints

minimize
{xi}

∑

i

fi ({xj : j ∈ N (i)}) subject to {xj : j ∈ N (i)} ∈ Ci

This actually gives us a way to decompose huge SDPs...

... with small PSD constraints (but have to solve a phase-sync problem)



Extension: Growth model

We can get geometric convergence in time if we have a growth model for the graph ...
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We can get geometric convergence in time if we have a growth model for the graph ...



Extension: Growth model

We can get geometric convergence in time if we have a growth model for the graph ...



Closing thoughts

We looked at a very particular type of structured multi-objective optimization problem

1

3

2

4
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Question:
Is there some type of statistical leverage we can achieve?



Thank you!
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